Abstract. We present a simpler proof of the known theorem that a xed-point free homeomorphism on an n-dimensional paracompact space can be colored with n+3 colors.
Introduction
Let X be a normal space and let f : X ! X be a xed-point free continuous function. A coloring of f is a nite closed cover A of X such that A \ f A] = ; for every A 2 A. Since nite open covers can be shrunk to closed covers, and nite closed covers can be swelled to open covers, the closedness of the coloring is irrelevant. Finite open covers do equally well.
It is a natural question to ask for the minimum number of colors needed to color a xed-point free continuous function. For homeomorphisms, the following de nitive answer is known: Theorem 1.1. Let X be a paracompact Hausdor space with dim X n. Then any xedpoint free autohomeomorphism of X can be colored with n + 3 colors.
The number n + 3 in this theorem is best possible. We will comment on this, and on related things, in x5.
The proof of Theorem 1.1 in the literature goes as follows. The rst basic result is due to van Douwen 3] : he proved (among other things) that any xed-point free autohomeomorphism on a nite-dimensional paracompact space can be colored with nitely many colors. We call such a function nitely colorable. Then Aarts, Fokkink and Vermeer 1], using van Douwen's Theorem, proved that the number of colors on an n-dimensional metrizable space can be reduced to n + 3. Then van Hartskamp and Vermeer 6], following a suggestion due to Hart and using again van Douwen's Theorem, proved that a xed-point free autohomeomorphism on an n-dimensional paracompact Hausdor space is semi-conjugated to a xed-point free autohomeomorphism on some n-dimensional metrizable space. So by applying the earlier result on metrizable spaces, and by pulling back the obtained coloring, one obtains a coloring of the original homeomorphism.
The aim of this note is to present a self-contained proof of Theorem 1.1, using standard facts from dimension theory only.
For all unde ned notions, see Engelking 4, 5] .
2. From finite to n + 3
Let E be a collection of sets. As usual, we say that the order of E is less than or equal to n, abbreviated ord(E) n, if for every subfamily F of E of cardinality n + 2 we have T F = ;.
Let X be a normal space, and let f : X ! X be a xed-point free homeomorphism.
In this section we will prove that if f is nitely colorable and dim X n, then f can be colored with n + 3 colors. The main technical tool is the following theorem, which is interesting in its own right.
Theorem 2.1. Let X be a normal space with dim X n, n < !, and let U be a nite open cover of X with jUj n + 3. In addition, let f : X ! X be a homeomorphism. 
. To see that B covers, rst note that 
Fr V i . Proof. Observe that (a) is trivial. We will prove (b) by induction on n. If 
which is as required.
Corollary 2.4. Let X be a normal space with dim X n. Let 
T n+1
i=1 Fr V i = ;.
So we get what we want by a direct application of Lemma 2.3 (let A i = F i for i n + 1 and A = F n+2 ). We may therefore assume without loss of generality that m n + 1 and, similarly, that k n + 1. Since m + k = n + 3, this implies that k; m 2.
Observe that for i m ? 1 Let X be a normal space with dim X n, and let f : X ! X be a continuous function without xed-points. Assume that f is nitely colorable. What is the least number of colors needed to color f? An inspection of the proof of Theorem 2.2 shows that the only place where we used that the map under consideration is a homeomorphism, is in the proof of Theorem 2.1. So the question naturally arises whether Theorem 2.1 is also true for continuous maps instead of homeomorphisms. as required. This example shows that if one wishes to color continuous functions, the method used in the previous section does not work. Fortunately, a beautiful trick due to R. Pol using the coloring result for homeomorphisms to obtain a coloring result for continuous functions, does the job for us. Theorem 3.2. Let X be a normal space and let f : X ! X be xed-point free and continuous. If f is nitely colorable and dim X n, then f can be colored with n + 3 colors.
Proof. Let U be a nite coloring of f. We may assume without loss of generality that X is compact. Simply observe that we can extend f : X ! X to a continuous function f : X ! X, U to an open cover Ex U = fEx U : U 2 Ug of X, and that dim X = dim X. Also, f has no xed-point since U is nite. So a \good" shrinking of Ex U corresponding to f traces to a \good" shrinking of U corresponding to f.
We can now follow the proof due to Pol in 1, x2.3] verbatim to obtain the desired result.
From infinite to finite
The results in the previous section show that the \coloring of maps"-problem boils down to the problem of which maps are nitely colorable. The rst result on this problem is due to van Douwen 3] . He proved that if X is nite-dimensional and paracompact, then any xed-point free closed mapping f : X ! X having the property that for some n < !, jf ?1 (x)j n for every x 2 X, is nitely colorable. For related results for compact spaces, see also Kim Dok Yong 10] .
In this section we will present a simpler proof of van Douwen's Theorem, based on his ideas though. We will present our proof for homeomorphisms only. We leave it to the reader to check that the same proof also works for maps of nite bounded order.
Lemma 4.1. Let X be a normal space with dim X n, let f : X ! X be a homeomorphism, and let F be a discrete collection of closed subsets of X with f F] \ F = ; for every F 2 F. Then Assume that the A k are de ned for < < and k 2n + 3 and put B k = S < A k .
Then each B k is closed since F is discrete and by (2) Proof. Let f : X ! X be a xed-point free autohomeomorphism. We will show that f is (n + 1) (2n + 3) colorable, where n = dim X. Since f is xed-point free, and X is paracompact and n-dimensional, there is a locally nite open cover U = fU s g s2S of X such that ord(U) n while moreover, f U s ] \ U s = ; for every s 2 S. There is an open cover V of X which can be represented as the union of n + 1 families V 1 ; V 2 ; : : : ; V n+1 , where V i = fV i;s g s2S is pairwise disjoint and V i;s U s for s 2 S and i n + 1 ( 5, Theorem 3.2.4]). Let F be a closed shrinking of V ( 4, Theorem 1.5.18]). It is clear that we can represent F as the union of n + 1 families F 1 ; F 2 ; : : : ; F n+1 , where F i = fF i;s g s2S is such that F i;s V i;s for s 2 S and i n+1. As a consequence, F i is discrete for every i n+1 since U is locally nite. Clearly, f F] \ F = ; for every F 2 F i . From this it follows that for every i, \f S F i can be colored with 2n + 3 colors" (Lemma 4.1). We conclude that f can be colored with (n + 1) (2n + 3) colors.
Remarks
As noted in 1, 6] , by results of Steinlein 9, 8] , Theorem 1.1 is sharp for all n. There exists a xed-point free continuous function on the space of irrational numbers P which is not nitely colorable by a result of Mazur, see Krawczyk Several results in this note can also be formulated and proved for Tychono spaces instead of normal spaces. This is left as an exercise to the reader.
In 1] it was shown that the number of colors needed to color a xed-point free involution on an n-dimensional space is n + 2. This can be shown by our methods as well.
